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§81) 2) b) Since f(z) =
Log z

(z2 + 1)2
=

Log z/(z + i)2

(z − i)2
has a pole of order two at z = i, we have

Resz=i
Log z

(z2 + 1)2
=

[
d

dz

Log z

(z + i)2

]
z=i

=

[
(z + i)2

(
1
z

)
− (Log z)(2)(z + i)

(z + i)4

]
z=i

=
π + 2i

8

§81) 3) a) Note that for z 6= 0, we have

sinh z

z4
=

1

z4

∞∑
n=0

z2n+1

(2n+ 1)!
=

1

z3
+

1

3!z
+
z

5!
+ . . .

Therefore, z = 0 is a pole of order m = 3 with residue B =
1

3!
=

1

6
.

§81) 4) Note that the singularities of the integrand are z = 1 and z = ±3i.

a) Since z = 1 is the only singular point lying inside the contour C, by Cauchy’s residue Theorem,

we have∫
C

3z3 + 2

(z − 1)(z2 + 9)
dz = 2πiResz=1

[
(3z3 + 2)/(z2 + 9)

z − 1

]
= 2πi

(
3(1)3 + 2

12 + 9

)
= πi

b) Since all the singular points lies inside the contour C, by Cauchy’s residue Theorem, we have∫
C

3z3 + 2

(z − 1)(z2 + 9)
dz

= 2πi

[
Resz=1

[
(3z3 + 2)/(z2 + 9)

z − 1

]
+Resz=3i

[
(3z3 + 2)/(z − 1)(z + 3i))

z − 3i

]
+Resz=−3i

[
(3z3 + 2)/(z − 1)(z − 3i)

z + 3i

]]
= 6πi

§81) 7) a) Note that the singularities of the function f(z) are z = 0, 1 and −5

2
. All of them lie inside

the contour |z| = 3.

Furthermore,
1

z2
f

(
1

z

)
=

(3 + 2z)2/(1− z)(2 + 5z)

z
.

As a result, ∫
|z|=3

f(z)dz = 2πiResz=0
1

z2
f

(
1

z

)
= 2πi

(3 + 2(0))2

(1− 0)(2 + 5(0))
= 9πi

§83) 3) a) Note that cosh(πi/2) = 0 and cosh′(πi/2) = sinh(πi/2) 6= 0. Therefore, z = πi/2 is a simple

pole and the residue is given by

Resz=πi/2
sinh z/z2

cosh z
=

[
sinh z/z2

sinh z

]
z=πi/2

= − 4

π2

1



§83) 4) b) Recall that tanh z =
sinh z

cosh z
. Since cosh(zn) = 0 and cosh′(zn) = sinh(zn) 6= 0, z = zn is a

simple pole and the residue is given by

Resz=zn
sinh z

cosh z
=

[
sinh z

sinh z

]
z=zn

= 1

§86) 3) Note that z4+1 = 0 if and only if z = eiπ/4, ei3π/4, ei5π/4 or ei7π/4. Let CR be the upper semicircle

centered at origin with radius R in positive orientation. By Cauchy’s Residue Theorem, for R large

enough we have∫ R

−R

1

x4 + 1
dx+

∫
CR

1

z4 + 1
dz = 2πi

[
Resz=eiπ/4

(
1

z4 + 1

)
+Resz=ei3π/4

(
1

z4 + 1

)]
Note that

Resz=eiπ/4

(
1

z4 + 1

)
=

[
1

4z3

]
z=eiπ/4

=
−eiπ/4

4

Resz=ei3π/4

(
1

z4 + 1

)
=

[
1

4z3

]
z=ei3π/4

=
−ei3π/4

4

Furthermore, since ∣∣∣∣ 1

z4 + 1

∣∣∣∣ ≤ 1

|z|4 − 1
=

1

R4 − 1
,

we have ∣∣∣∣∫
CR

1

z4 + 1
dz

∣∣∣∣ ≤ 1

R4 − 1
× πR→ 0

as R→∞.

As a result, we have ∫ ∞
−∞

1

x4 + 1
dx = 2πi(−e

iπ/4

4
− ei3π/4

4
) =

π√
2

Since
1

x4 + 1
is an even function, we have

∫ ∞
0

1

x4 + 1
dx =

1

2

∫ ∞
−∞

1

x4 + 1
dx =

π

2
√
2

§86) 8) Note that (z2 + 1)(z2 + 2z + 2) = 0 if and only if z = i,−i,−1 + i or −1− i. Let CR be the upper

semicircle centered at origin with radius R in positive orientation. By Cauchy’s Residue Theorem,

for R large enough we have∫ R

−R

x

(x2 + 1)(x2 + 2x+ 2)
dx+

∫
CR

z

(z2 + 1)(z2 + 2z + 2)
dz

= 2πi

[
Resz=i

(
z

(z2 + 1)(z2 + 2z + 2)

)
+Resz=−1+i

(
z

(z2 + 1)(z2 + 2z + 2)

)]
Note that

Resz=i

(
z

(z2 + 1)(z2 + 2z + 2)

)
=

[
z

(z + i)(z2 + 2z + 2)

]
z=i

=
1

2(1 + 2i)

Resz=−1+i

(
z

(z2 + 1)(z2 + 2z + 2)

)
=

[
z

(z2 + 1)(z + 1 + i)

]
z=−1+i

=
1 + i

2(1− 2i)

2



Furthermore, since∣∣∣∣ z

(z2 + 1)(z2 + 2z + 2)

∣∣∣∣ ≤ |z|
(|z|2 − 1)(|z|2 − 2|z| − 2)

=
R

(R2 − 1)(R2 − 2R− 1)
,

we have ∣∣∣∣∫
CR

z

(z2 + 1)(z2 + 2z + 2)
dz

∣∣∣∣ ≤ R

(R2 − 1)(R2 − 2R− 1)
× πR→ 0

as R→∞.

As a result, we have∫ ∞
−∞

x

(x2 + 1)(x2 + 2x+ 2)
dx = 2πi

(
1

2(1 + 2i)
+

1 + i

2(1− 2i)

)
= −π

5

§88) 5) Note that z4 + 4 = 0 if and only if z =
√
2eiπ/4,

√
2ei3π/4,

√
2ei5π/4 or

√
2ei7π/4. Let CR be the

upper semicircle centered at origin with radius R in positive orientation. By Cauchy’s Residue

Theorem, for R large enough we have∫ R

−R

x3eiax

x4 + 4
dx+

∫
CR

z3eiaz

z4 + 4
dz = 2πi

[
Resz=

√
2eiπ/4

(
z3eiaz

z4 + 4

)
+Resz=

√
2ei3π/4

(
z3eiaz

z4 + 4

)]
Note that

Resz=
√
2eiπ/4

(
z3eiaz

z4 + 4

)
=

[
z3eiaz

4z3

]
z=
√
2eiπ/4

=
e−a+ia

4

Resz=
√
2ei3π/4

(
z3eiaz

z4 + 4

)
=

[
z3eiaz

4z3

]
z=
√
2ei3π/4

=
e−a−ia

4

Furthermore, since ∣∣∣∣ z3

z4 + 4

∣∣∣∣ ≤ |z|3

(|z|4 − 4)
=

R3

(R4 − 4)
→ 0 as R→∞

by Jordan’s Lemma we have

lim
R→∞

∫
CR

z3eiaz

z4 + 4
dz = 0.

As a result, we have ∫ ∞
−∞

x3eiax

x4 + 4
dx = 2πi

(
e−a+ia

4
+
e−a−ia

4

)
= iπe−a cos a

Hence ∫ ∞
−∞

x3 sin(ax)

x4 + 4
dx = Im

∫ ∞
−∞

x3eiax

x4 + 4
dx = πe−a cos a

§88) 7) Note that (z2 + 1)(z2 + 9) = 0 if and only if z = i,−i, 3i or −3i. Let CR be the upper semicircle

centered at origin with radius R in positive orientation. By Cauchy’s Residue Theorem, for R large

enough we have ∫ R

−R

x3eix

(x2 + 1)(x2 + 9)
dx+

∫
CR

z3eiz

(z2 + 1)(z2 + 9)
dz

= 2πi

[
Resz=i

(
z3eiz

(z2 + 1)(z2 + 9)

)
+Resz=3i

(
z3eiz

(z2 + 1)(z2 + 9)

)]
Note that

Resz=i

(
z3eiz

(z2 + 1)(z2 + 9)

)
=

[
z3eiz

(z + i)(z2 + 9)

]
z=i

=
−e−1

16

3



Resz=3i

(
z3eiz

(z2 + 1)(z2 + 9)

)
=

[
z3eiz

(z2 + 1)(z + 3i)

]
z=3i

=
9e−3

16

Furthermore, since∣∣∣∣ z3

(z2 + 1)(z2 + 9)

∣∣∣∣ ≤ |z|3

(|z|2 − 1)(|z|2 − 9)
=

R3

(R2 − 1)(R2 − 9)
→ 0 as R→∞

by Jordan’s Lemma we have

lim
R→∞

∫
CR

z3eiz

(z2 + 1)(z2 + 9)
dz = 0.

As a result, we have∫ ∞
−∞

x3eix

(x2 + 1)(x2 + 9)
dx = 2πi

(
−e−1

16
+

9e−3

16

)
= i

π

8
(9e−3 − e−1)

Hence ∫ ∞
−∞

x3 sinx

(x2 + 1)(x2 + 9)
dx = Im

∫ ∞
−∞

x3eix

(x2 + 1)(x2 + 9)
dx =

π

8
(9e−3 − e−1)

Since the integrand is an even function, we have∫ ∞
0

x3 sinx

(x2 + 1)(x2 + 9)
dx =

π

16
(9e−3 − e−1)

4


